Dispersion engineering for efficient supercontinuum generation (SCG) is investigated in a hybrid nonlinear photonic platform that allows cascaded third-and second-order optical nonlinearities in transverse-electric (TE) guided modes. The highly nonlinear chalcogenide waveguides enable SCG spanning over 1.25 octaves (from about 1160 nm to more than 2800 nm at 20 dB below maximum power), while the TE polarization attained is compatible with efficient second-harmonic generation in a subsequent thin-film lithium niobate waveguide integrated monolithically on the same chip. A low-energy pump pulsed laser source of only 25 pJ with 250 fs duration, centered at a wavelength of 1550 nm, can achieve such wideband SCG. The design presented is suitable for the f -to-2f carrier-envelope offset detection technique of stabilized optical frequency comb sources.
INTRODUCTION
Supercontinuum generation (SCG) is a process of spectral broadening induced by nonlinear optical effects. It has been used to generate broadband optical frequency combs, which, depending on their spectral domains, can be used in applications such as optical spectroscopy [1] , chemical sensing and microscopy [2] , microwave photonics [3] , astronomic spectrographs [4] , and telecommunications [5] . Frequency combs are commonly generated through optical fiber and bulk technologies, although submicrometer integrated photonic waveguides generally possess superior properties for nonlinear effects at shorter lengths and with lower average power budgets. The high index contrast achievable in submicrometer waveguides allows tight mode confinement, giving rise to large electromagnetic fields, and thus enhances the nonlinear effects. This has motivated a growing interest in nonlinear integrated photonics for the optical comb application [6] [7] [8] . Future developments could potentially lead to an increment of information rates, all-optical data processing, high-precision metrology, creation of broad spectral sources for on-chip optical spectroscopy, etc.
Optical frequency comb stabilization, by the f -to-2f carrier-envelope offset (CEO) locking technique, requires at least an octave span of SCG and efficient second-harmonic generation (SHG) for CEO signal detection [8] . This implies the use of a highly third-order nonlinear medium to generate a broad frequency comb and a highly second-order nonlinear material for frequency doubling. Furthermore, other applications can be envisioned by involving both nonlinearities, in which broadband phase-matching conditions are fulfilled for SHG, such that a pre-broadened spectrum is extended to shorter wavelengths, resulting in a multi-octave spectrum [9] .
Among several material candidates [10] , lithium niobate (LN) exhibits very strong second-order optical nonlinearity [ χ 2 susceptibility] for SHG. Recent progress has created an opportunity for using thin films of LN in high-contrast ultracompact integrated waveguides [11] . To overcome the issue of phase mismatch between the seed and converted guided optical waves, methods such as periodically poled LN (PPLN) [12] and grating-assisted mode-shape modulation [13] can be applied to the high-contrast waveguides.
SCG at telecom wavelengths has been studied in a wide variety of highly third-order nonlinear [χ 3 susceptibility] materials. SCG spanning over an octave has been demonstrated in silicon nitride (SiN) [14] , chalcogenide (ChG) glass [15, 16] , silicon germanium [17] , indium gallium phosphide [18] , and silicon [19] waveguides. Even SCG over two octaves has been reported in SiN [20] and aluminum nitride (AlN) [21] . AlN has the advantage of possessing high amounts of both quadratic and cubic nonlinearities, hence simultaneously achieving SHG and SCG on a single waveguide, and measuring the CEO frequency is feasible. However, both phenomena depend on waveguide dimensions and polarization, so the conditions for SHG may not be ideal for SCG and vice versa.
In this paper, we explore a solution that combines LN and ChG, with strong χ 2 and χ 3 nonlinearities, respectively, on a single chip. This cascaded integration, or nonlinear photonic circuit, allows us to optimize the two waveguides segments individually, leading to the desired wide spectrum for SCG and quasi-phase-matching (QPM) for efficient SHG [10] , independent of each other.
PRECEPTS OF THE HYBRID PLATFORM FOR HIGH-PERFORMANCE CASCADED NONLINEARITIES
The first step toward the discussed nonlinear photonic circuits is to prove not only that integration is feasible between the two materials, but also that the optical energy can be transferred from one to the other. To this end, we decouple a ChG channel waveguide from a thin film of LN using a SiN rib (see the inset in Fig. 1 ). We have shown experimentally that the optical mode can reside within the ChG waveguide in the first segment and subsequently be transferred via adiabatic tapers into the LN film where it is laterally confined by the SiN rib [22] . In this previous work, we also demonstrated four-wave mixing (FWM) in the ChG waveguide, although the design was not suitable for wideband SCG. In the present paper, we focus on tailoring the structural and dispersion design for over an octave of SCG.
It is generally imperative to understand how the total groupvelocity dispersion (GVD) and pump wavelength affect the spectral broadening. Accordingly, if the pump pulse spectrum falls within the waveguide's normal dispersion regime, the broadening mainly originates from self-phase modulation (SPM), and hence will be very limited in extension. Conversely, if the pulse is launched in the anomalous regime, additional broadening phenomena can be involved. Examples are optical Cherenkov radiation (OCR, responsible in dispersive waves), cascaded FWM, modulation instability (MI), crossphase modulation, and soliton fission, all of which extend the spectral broadening beyond that of the normal dispersion regime [23, 24] . It has also been shown that the more anomalous the dispersion, the narrower the bandwidth, and vice versa [25] . Therefore, the total GVD has to be optimized for the pump wavelength to ideally fall in the anomalous regime and stay close to zero in an as large wavelength range as possible.
Coherence is another important characteristic to analyze in SCG, given that many applications depend upon it, including optical coherence tomography, ultrashort pulse compression, and high-precision frequency metrology. MI is a spontaneous gain process, such that the stronger it is, the less coherent the supercontinuum (SC). MI grows with input power, propagation length, and in strong anomalous dispersion [26] , and is, thus, critical to minimize the impacts of these factors. OCR is a determinant broadening process in the anomalous regime, and it relies on phase-matching conditions only possible across zero-dispersion wavelengths. Accordingly, one-zero dispersion leads to one dispersive wave, two-zero dispersion leads to twodispersive waves, and so on [24] . Considering that the total GVD is the addition of material and waveguide dispersions, it can be adjusted by either changing the materials involved or by modifying the waveguide structure or dimensions. In one creative design, for instance, attaining four-zero GVD-by adding a lowindex slot within the waveguide-has been investigated [27, 28] . The concept of four-zero dispersion (FZD) provides a better basis for attaining the phase-matching conditions in OCR than for waveguides with one-or two-zero dispersion wavelengths.
The highest nonlinear coefficient of LN is at the crystalline z axis (d 33 30 pm∕V), and, hence, maximum conversion efficiency occurs when the electric field of the optical wave is collinear to this axis. Thin-film PPLN devices compatible with the current χ 2 − χ 3 integration scheme [22] rely on y-cut LN films, due to ease of electrode fabrication for poling. The direct implication is that the crystalline z axis is horizontally oriented, leading to higher performance for transverse-electric (TE) polarized input light. Therefore, all the simulations presented in this work are for the quasi-TE guided modes.
DISPERSION CALCULATIONS
The total GVD is calculated by implementing a fully vectorial simulation in the commercial software COMSOL TM , using its RF module to obtain the effective refractive index, n eff , of the fundamental TE and TM (transversal magnetic) modes for a sweep of wavelengths. The dispersion of different materials can be incorporated directly into the simulation. The model accounts for the dispersion of every material involved. Most material dispersions were input by their Sellmeier equation [29] , using the parameters listed in Table 1 .
Thin-film SiN was characterized in our laboratory using a prism coupling method and fitting to the following Cauchy's equation: 
Finally, the GVD is calculated through the second-order derivative of n eff with respect to wavelength, λ, i.e., the dispersion parameter D, expressed by
where c is the speed of light in vacuum.
Using the cross section of our previously fabricated nonlinear integrated chip [22] as a starting point, the dimensions of SiN and LN were kept unchanged, whereas the dimension of the ChG waveguide was varied. After an exhaustive analysis of the TE mode evolution in the waveguide structures, we noticed that inflection points in the GVD plot occur when the mode expands to the extent that it occupies adjacent material regions (see Fig. 1 ). From this attribution, it can be inferred that the slower the transition, the smaller the curvature of the dispersion plot, and, hence, by increasing the dimensions of ChG, the dispersion becomes flatter. This leads to the hint that by adding adjacent high-index sections to the waveguide, the number of inflection points may increase, as it happens in the case of slot waveguides giving rise to FZD [27, 28] .
In contrast to the dispersion of the TE modes, the TM mode presents normal dispersion at 1.55 μm for these tall structures. However, as discussed above, we are only interested in and aimed at the TE SC for further application involving LN waveguides, which possess the desired close-to-zero dispersion.
We studied the effects of waveguide height variations on the dispersion by fixing the width to 1.2 μm and sweeping the height from 1.0 to 2.2 μm. The taller the waveguides, the more the dispersion pulled into the anomalous regime at shorter wavelengths [see Fig. 2(a) ]. Conversely, fixing the height to 1.6 μm and increasing the width results in a flatter GVD, affecting the dispersion mostly around a wavelength of 3 μm, along with a major impact on the trend than height variation [ Fig. 2(b) ]. This difference is attributed to the nature of the TE mode, which oscillates in parallel to the horizontal axis, hence having more interaction with the side boundaries than with the top and bottom material interfaces. A combination of these effects is used to get the desired GVD with small anomalous dispersion at a wavelength of 1.55 μm, where the input pump will be centered.
In Figs. 2(a) and 2(b), it can be observed that the anomalous dispersion regime cannot be greatly extended into wavelengths below ∼1.5 μm by only modifying the ChG dimensions, but it is enough to achieve the desired dispersion profile. Henceforward, we rely on OCR for wide spectrum broadening. However, in the case that further SCG extension to shorter wavelengths is desired, additional modifications can help, i.e., changing the dimensions of SiN and LN or trying different cladding materials.
To summarize the design, the dimensions for the hybrid waveguides are as follows: a 300 nm thin film of LN on a SiO 2 substrate; a 3-μm-wide, 500-nm-tall SiN rib loaded on LN; and a 1.2-μm-wide, 1.6-μm-tall ChG channel waveguide centered on top of the SiN rib. Under this condition, we get the pump to fall closer to zero dispersion, hence having smaller anomalous dispersion, conditions that lead to a wide SC. Similar general arguments and tradeoffs have been observed previously in the case of ChG fibers [34] .
SUPERCONTINUUM SIMULATION
An in-house code that solves the general nonlinear Schrödinger equation (GNLSE) is employed to simulate the SC generated as the input pulse propagates through the waveguide, i.e. [35] ,
where A is the complex amplitude of the electric field of the optical mode, α is the linear loss coefficient, β k is the k th-order dispersion, and γ is the nonlinear constant. Also, T t − β 1 z is the time transformed into a moving frame and τ s 1∕ω 0 , where ω 0 is the central angular frequency of the input pulse.
Terms related to the Raman scattering can also be added to Eq. (3) [35] . However, the corresponding parameters have not been measured for the particular ChG composition used in this work; therefore, the associated inelastic nonlinear effects are not included in the simulations. Nevertheless, it is expected that they merely cause a non-critical energy conversion in the resulting spectrum, and not seriously quench the desired elastic χ 3 effects.
The simulations are adapted to the employed material properties and the estimated technical performances. The propagation loss of the ChG waveguide is set at 1 dB/cm, albeit lower values have been demonstrated in the past [36, 37] . Nonlinear absorptions, due to two-photon and free-carrier absorptions, are generally considered negligible for the employed glass composition [30, 38] . High-order dispersion parameters were obtained by extending the Taylor series of the calculated second-order dispersion, β 2 ∂ 2 ω c n eff ∕∂ω 2 , i.e.,
keeping up to β 10 , where ω is the angular frequency and Ω ω − ω 0 . An expression suitable for high-contrast hybrid waveguides was used for the calculation of γ [39] . That is,
where n core is the refractive index of the nonlinear guiding material, A eff is the effective area of the propagating mode, and n avg 2 is an average nonlinear refractive index that accounts for all the materials involved. If the nonlinearity is much larger for the core than for adjacent regions, then n avg 2 can be approximated as
and A eff is calculated as
The nonlinear refractive index of the ChG composition is n 
The input beam is a sech 2 pulse with a waist of 250 fs full width at half-maximum (FWHM) and peak power of 100 W. This means energy of only 25 pJ, which is adequate for octavespanning SCG. Indeed, the simulations shown in Fig. 3 confirm that a SC spanning ∼1.27 octaves is feasible with such low-energy pulses, after 40 mm of propagation in the discussed waveguide design. The spectrum extends from ∼1160 to >2800 nm at 20 dB below maximum power. A wider SC output spectrum can be achieved, in principle, by employing shorter-duration input pulses. However, the validity of the employed GNLSE, Eq. (3), becomes questionable for such extremely short pulses [26] , and it is thus not explored further here.
In Fig. 3(a) , it is clear that the pulse initially broadens symmetrically through SPM. Once it reaches ∼20 mm of propagation length, pulse compression is observed in the time domain [ Fig. 3(b) ], which leads to rapid spectrum broadening. At this point, dispersive waves become apparent on both sides of the central spectrum; they continue growing with further propagation, pretty much defining the SC limits. After the pulse starts dispersing in time, the optical fields lose their intensity and the spectrum ceases to stretch. This shows the importance of choosing an appropriate waveguide length for the desired functionality. For example, if the waveguide is truncated at 20 mm, a compressed pulse can be attained.
It is also noted that f -to-2f CEO locking is an interference technique, so it requires SCG with decent temporal coherence. Keeping a short propagation distance and low input power are measures to prevent low-coherence broadening effects, such as MI, which is very sensitive to noise, leading to low correlation between consecutive pulses. 
NONLINEAR HETEROGENEOUS INTEGRATION
The next milestone toward the demonstration of cascaded χ 2 and χ 3 nonlinearities is to prove that the optical mode can be transferred efficiently from ChG to LN. This is achievable by careful design of an adiabatic tapered mode converter on the top ChG waveguide, as depicted in Fig. 4(c) . As the ChG waveguide is tapered adiabatically, the mode shape evolves continuously, creating a smooth mode translation. The decrease of ChG area leads to a local decrease of the effective refractive index, consequently pushing the mode down to the high-index LN waveguide. We studied the coupling efficiency for a sweep of taper lengths with the use of the commercial software Lumerical MODE Solutions. As presented in Fig. 4(d) , we find that keeping the taper length above 100 μm will grant a high coupling efficiency, close to 100%, at an example wavelength of 2.4 μm, corresponding to the long-wavelength tail of the SC spectrum, as required for the f -to-2f CEO detection application. Figure 4 (a) shows the mode transition obtained for a 1-mm-long taper. Figures 4(b) and 4(e) are, respectively, the transversal modal cross sections at the beginning and end of the structure layout in Fig. 4(c) . The figure shows how the optical mode is initially restrained in ChG and then lands in the LN rib-loaded waveguide, with most of its energy contained in the thin film of LN, where second-order nonlinear processes can occur. As we have shown in our previous work, the discussed tapered mode converters are very broadband [22] . In the present design, the 3 dB bandwidth extends from a wavelength of ∼1.0 μm to above 3.5 μm (not shown).
As shown schematically in Fig. 4(c) , the thin film of LN can be periodically poled to achieve QPM [12] and hence high SHG conversion efficiency, for CEO signal detection [8] .
Another potential application is to engineer the LN poling condition for broad-band QPM, stretching the SC spectrum into shorter wavelengths, potentially with a span of multiple octaves [9] .
The fabrication process for the current cascaded nonlinear devices is very similar to our previous experimental work [22] . Starting with a thin film of LN bonded on SiO 2 , SiN is deposited on top. The SiN layer is then patterned and etched. Subsequently, a ChG film is deposited, patterned, and etched similarly. Finally, SiO 2 is deposited to passivate the waveguides and attain the complete nonlinear photonic circuit.
CONCLUSION
A hybrid nonlinear integrated photonic platform, based on ChG glass and LN materials, is studied for cascading thirdand second-order optical nonlinearities, respectively, on the same ultracompact chip. The platform consists of a ChG channel waveguide, separated from a LN thin-film waveguide underneath by a SiN buffer layer. The focus of this paper is to provide design guidelines for dispersion tailoring of ChG waveguides in order to generate TE-polarized SCG spanning over an octave, pumped at ultrashort pulsed sources at telecom wavelengths. Efficient coupling between χ 2 and χ 3 devices is also presented, based on carefully designed adiabatic tapered mode converters. The hybrid cascaded nonlinear integrated waveguide platform has potential applications in optical comb generation and frequency stabilization (by the f -to-2f CEO detection method) on a monolithic chip, as well as in multioctave ultrabroadband sources. 
